Abstract. This paper presents a detailed analysis of mixed-mode oscillations in the "autocatalator," a threedimensional, two time scale vector field that is a chemical reactor model satisfying the law of mass action. Unlike earlier work, this paper investigates a return map that simultaneously exhibits full rank and rank deficient behavior in different regions of a cross section. Canard trajectories that follow a two-dimensional repelling slow manifold separate these regions. Ultimately, one-dimensional induced maps are constructed from approximations to the return maps. The bifurcations of these induced maps are used to characterize the bifurcations of the mixed-mode oscillations. It is further shown that the mixed-mode oscillations are associated with a singular Hopf bifurcation that occurs in the system.
i denotes a segment of the MMO comprised of L i large oscillations followed by s i small oscillations. MMOs have been observed in diverse physical, biological, neuronal, and chemical systems, notably including the Belousov-Zhabotinskii (BZ) reaction [8, 16, 42, 3, 48] . Tables in the review [21] present an extensive list of systems exhibiting where x ∈ R m is the fast variable and y ∈ R n is the slow variable, and 0 < 1 is the ratio of the time scales of the two variables [15, 31] . The functions f : R n × R m × R → R n and g : R n × R m × R → R m are assumed to be as smooth as necessary. Equation (2.1) is written in the slow time scale, given by the time variable τ . Setting = 0, we have the system (2.2) 0 = f (x, y, 0), y = g(x, y, 0), which is a differential-algebraic equation (DAE) that can be viewed as a vector field on the critical manifold defined by S = {(x, y) ∈ R n × R m | f (x, y, 0) = 0}. Equation (2.2) is known as the reduced system. The flow of the reduced system on the critical manifold is called the slow flow. The following theorem is basic to the subject. Theorem 1 (Fenichel's first theorem [15, 31] ). For r > 0 and a normally hyperbolic compact manifold S, there exist 0 > 0 and a C r smooth (for r < ∞) locally invariant manifold S for 0 < < 0 , which lies O( ) away from S and is diffeomorphic to S.
The manifold S is called the "slow manifold" and can be considered a perturbation of the critical manifold for > 0. It is not unique; there is a family of possible S 's whose distance from each other is bounded by C exp(−K/ ) for suitable C, K > 0.
3. The autocatalator model.
Slow-fast calculations.
The autocatalator model proposed by Petrov, Scott, and Showalter in [39] is given by (1.1). The value of the parameter κ = 2.5 has been fixed to match the previous studies [39, 36] . System (1.1) is a slow-fast system with two slow variables and one fast variable. Setting = 0 to obtain the DAE of the reduced system, the critical manifold S is a folded surface given by Discussion of the reduced system can be found in [36] .
The critical manifold S has two branches, separated by the fold curve given by F = S ∩ {b = 1}. The stability of the branches can be found by taking a partial derivative with respect to b, ∂(ab 2 + a − b) ∂b
Let S a denote the attracting branch of the critical manifold given by S ∩ {b < 1}, and let S r denote the repelling branch defined by S ∩ {b > 1}. Figure 3(b) shows the intersections of the slow manifolds with a cross section near the fold, which illustrates that the slow manifolds intersect at an angle of order O( ).
The geometry of the critical manifold, shown in Figure 4 , is key to our analysis. Trajectories that make large excursions in the b-coordinate must cross the repelling sheet of the critical manifold before returning to the fold via the slow attracting manifold. They cross in a region where the angle between the critical manifold and the fast direction has become small, so that Theorem 1 fails to imply the existence of a nearby invariant slow manifold. Figure 4 shows the projection of both a 1 1 MMO at (μ, ) = (0.01, 0.298), shown in blue, and the critical manifold, shown in black, onto the ab-plane. The MMO crosses the critical manifold near b ≈ 23, where the angle between the fast direction, indicated by black arrows, and the critical manifold is small. This loss of normal hyperbolicity enables the global return mechanism for the system: trajectories with large b-coordinate cross the critical manifold, follow the fast direction withḃ < 0, and approach the attracting slow manifold. As decreases, the repelling slow manifold extends further along the b-coordinate, and trajectories cross the critical manifold at still larger values of b. Milik and Szmolyan [36] assert that the large excursions can be cast as a singular perturbation problem with the assumption b = O(1/ ), but they do not give details. Gucwa and Smolyan prove the existence of a large periodic orbit for a two-dimensional variant of the autocatalator using the blow-up method [27] .
Singular
Hopf bifurcation. System (1.1) has a one-parameter family of equilibria, parametrized by μ, given by
The Jacobian of the system written in the slow time scale is
The Jacobian can also be expressed in terms of the parameters alone since the equilibrium depends only on μ.
An SHB occurs at = 0 when a Hopf bifurcation occurs O( ) away from the fold for sufficiently small > 0. At μ = 2/7, the SHB occurs simultaneously with an SN type II in the reduced system. Discussion of the SHB can be found in [2, 7, 19] . Other properties associated with the SHB are: (i) the periodic orbits born in the Hopf bifurcate or undergo canard explosion, and (ii) the slow attracting and repelling manifolds intersect transversally while varying a parameter [19] . Properties (i) and (ii) can be verified numerically using continuation software such as AUTO [13] or MATCONT [12] .
Theorem 2. System (1.1) has an SHB at μ = 2/7 + O( ). Proof. It must be shown that there is a Hopf bifurcation for μ = 2/7 + O( ) for > 0. The characteristic polynomial of the system is
A Hopf bifurcation occurs when the following two conditions are satisfied:
Expanding (3.5b) and truncating higher order terms, we have
Setting = 0 and using (3.1) to express a and b in terms of μ, we have two solutions to (3.6), μ = 2/7 and μ = −2/3. We ignore the latter since it yields negative concentrations. When μ = 2/7, the equilibrium is located at a = b = 1. The Hopf condition (3.5a) becomes
Therefore, a Hopf bifurcation occurs for > 0 near μ = 2/7. Figure 5 illustrates how MMOs are generated when an SHB is combined with a global return mechanism [19] . Let q be the equilibrium point near the fold, and fix > 0. For μ Hopf = 2/7 + O( ), q undergoes a supercritical Hopf bifurcation. Immediately after the Hopf bifurcation, q has a one-dimensional stable manifold W s (q) and a two-dimensional unstable manifold W u (q) bounded by the family of stable limit cycles, which we denote γ μ . As μ increases, the Floquet multipliers of the limit cycle γ become complex, and the unstable manifold W u (q) begins to scroll around γ. Figure 5 (a) shows the two-dimensional unstable manifold of the equilibrium point W u (q) in green and the slow repelling manifold in red for μ = 0.2933. W u (q) is bounded by the repelling slow manifold S r . W u (q) is approximated by computing trajectories with initial conditions emanating from a fundamental domain in the unstable eigenspace E u (q) tangent to the unstable manifold W u (q). Figure 5(b) shows the intersection of W u (q) and S r with the plane b = 1.25. The intersection of γ with the section is indicated by a black cross. The turning point seen in W u (q) is a result of W u (q) scrolling around the limit cycle γ μ , indicating that the nontrivial Floquet multipliers of the cycle are complex. As the diameter of W u (q) grows, it becomes tangent to S r and then intersects the repelling slow manifold transversally. In this case, some trajectories contained in W u (q) escape the fold region and execute large excursions. Figure 5 (c) shows a subset of W u (q) that contains the transversal intersection of W u (q) and S r for μ = 0.2936. This intersection can also be seen in the cross section b = 1.25 in Figure 5 (d). This intersection is necessary for MMOs; however, it is not sufficient. For = 0.01, the intersection occurs for 0.2933 < μ < 0.2936, but MMOs are not detected until 0.2940 < μ < 0.2941.
3.3.
A mixed-rank return map. We begin our geometric analysis by choosing a cross section Σ μ near the fold and considering its first return map Φ : Σ μ → Σ μ . The cross section is chosen to be parallel to the ac-plane so that it contains the equilibrium of system (1.1),
We emphasize that our choice of Σ μ is μ dependent, but we write Σ μ as Σ for simplicity. The inequality in (3.8) is imposed to ensure that returns to Σ haveḃ > 0. This allows us to properly count the number of small loops an MMO executes. We ignore the set of points T ⊂ Σ where the vector field is tangent to the cross section. T is given by the line S ∩ Σ. In practice, tangencies to Σ do not affect the dynamics because the forward invariant set does not intersect T , its image, or its preimage. The map Φ exhibits mixed-rank behavior. Let Γ i = Σ ∩ S i for i ∈ {a, r} be intersections of Σ with the attracting and repelling slow manifolds. Γ r separates Σ into two regions, Figure 3(b) shows the cross section partitioned into the two sets Σ 1 and Σ 2 , separated by the repelling manifold Γ r , shown in red. The return map Φ is regular when restricted to Σ 2 , but is nearly singular at points of Σ 1 except those that are close to Γ r . Figure 6 illustrates the action of Φ in Σ 1 and Σ 2 . It shows the first returns of two green circles of initial conditions on Σ: U ⊂ Σ 1 and V ⊂ Σ 2 . Γ a and Γ r are indicated by blue and red lines, respectively. For any point q ∈ Σ, let φ t (q) be the trajectory with initial condition q. Choose a point p ∈ U which lies above the repelling manifold Γ r . φ t (p) is repelled away from the fold, where b grows rapidly on a large excursion. The trajectory φ t (p) is reinjected onto the slow attracting manifold S a by the global return mechanism. Therefore, Φ(p), and consequently Φ(U ), must lie on Γ a . Figure 6 (a) shows the returns Φ(U ) in black, with an expanded view of the returns shown in the inset. Although Φ(U ) is diffeomorphic to a circle, the returns are indistinguishable from Γ a . The one-dimensional returns exhibit the rank deficient nature of Φ when restricted to Σ 1 . Figure 6 (b) shows another circle of initial conditions V , shown in green. Let q ∈ V , and consider its trajectory φ t (q). Because V ⊂ Σ 2 , φ t (q) cannot escape the fold region before intersecting Σ; it executes a small loop in the vicinity of the fold. Since Φ(V ) is not exponentially contracted to the slow manifold, the returns Φ(V ) do not lie on Γ a . The lack of exponential contraction of V to the slow manifold S a implies that Φ| Σ 2 is regular. This is seen in Figure 6 (b); the returns Φ(V ) are shown in black and have a teardrop shape.
The dichotomy of small loops and large excursions can be used to determine the sectors of rotation on the cross section Σ. The jth sector of rotation, denoted RS j , is the subset of Σ that executes j small loops before returning to Γ a . If Φ j (q) = Φ • · · · • Φ(q) is the minimal iterate of Φ such that Φ j (q) ∈ Σ 1 , then q lies in the jth sector of rotation, or RS j . The definition implies that Φ(RS j+1 ) ⊂ RS j and Φ(RS 1 ) ⊂ Σ 1 . Therefore, the boundaries of the sectors of rotation are given by the inverse images of Γ r . The sectors of rotation on Σ determine the sectors of rotation on the slow manifold S a by taking the backward flow of the set RS k ∩ Γ a on Σ. To summarize the behavior of the return map: initial conditions p ∈ Σ 2 which execute a finite number of small loops are mapped into Σ 1 and return to Σ on Γ a . Initial conditions in Σ 1 execute a large excursion and return to Σ on Γ a . Therefore, all initial conditions on Γ a execute a number of small loops (possibly zero) and return to Γ a by a large excursion. This is the key insight that allows us to reduce the system to a one-dimensional induced map: we can analyze the bifurcations of the MMOs by considering the induced map to Γ a .
Induced maps and one-dimensional approximations.
The previous section describes the behavior of the return map Φ and how its mixed-rank character can be exploited for analysis. In this section, we describe more of the geometry associated with the return map Φ. We identify a one-dimensional set X ⊂ Σ with a small neighborhood that is forward invariant. We then define a one-dimensional map on X whose dynamics give insight into the attractors of the autocatalator. These constructions depend upon the choice of Γ a among the collection of exponentially close attracting slow manifolds. Numerical studies that compare bifurcations of the discrete one-dimensional maps and the continuous time flow of the autocatalator are presented in section 5.
4.1.
Geometric structure of Φ on Σ. To define X, we introduce some notation:
is the boundary of the jth sector of rotation. Figure 7 shows the following geometric objects in Σ: the attracting and repelling slow manifolds Γ a and Γ r , the first two returns of Γ a via small loops γ 1 and γ 2 , the sectors of rotation RS 1 and RS 2 , the boundaries of the sectors of rotation ∂RS 1 and ∂RS 2 , the segments A i ⊂ Γ a for i ∈ {0, 1, 2}, and their images γ j A i for j ∈ {1, 2}. The secondary canards located at the intersections of the forward images of Γ a with the backward images of Γ r are marked by black dots. A kth secondary canard is a canard that executes k small loops before connecting to S r . The primary canard is given by the intersection Γ a ∩ Γ r . See [22, 46] for more information about secondary canards at folded nodes.
The objects in Figure 7 organize the dynamics of Φ on Σ. Given a Γ-sector of rotation
The image of the last map in this chain is not exact: Φ(γ k A k ) is exponentially close to Γ a , but we do not expect to be able to find Γ a so that Φ(γ k A k ) ⊂ Γ a . Therefore, we approximate the return map Φ on the γ k A k so that the set X defined by
is invariant under the perturbed map. In the example shown in Figure 7 , X consists of
. The set X is one-dimensional but need not be a manifold. Let p μ : I → R, for I ⊂ R, denote a fourth-degree polynomial whose graph approximates Γ a . We replace Γ a by this polynomial approximationΓ a and defineΦ k+1 (x) for x ∈ A k to be the point (a,ĉ) ofΓ a with the same a-coordinate as Φ k+1 (x) = (a, c). On each Γ-sector of rotation A k ⊂Γ a , we define the induced map Π : A k →Γ a to be Π(a) =Φ k+1 (a, p μ (a)). We use a as a coordinate onΓ a and drop the distinction betweenΓ a and Γ a in the remainder of this paper.
The induced maps have a branch for each Γ-sector of rotation A k . We refer to the branch of the map defined on A k as the 1 k branch.
MMOs and induced maps.
The connection between MMOs of the full system and periodic orbits of the induced maps can now readily be seen. Periodic MMOs yield periodic orbits of both Φ and Π. We expect the periodic orbits of Π to be exponentially close to those of Φ and ignore this difference in theoretical comparisons between the autocatalator flow and the induced map Π. Section 5 presents numerical investigations of these differences. A periodic MMO with signature {L s i i } i≥1 is period-n under Φ, where n = i (L i +s i ), and will be period-m under Π, where m = i L i . Since each branch of the induced map corresponds to a sector of rotation, a fixed point of Π on the kth branch of the induced map corresponds to a 1 k MMO. The stability of the 1 k MMO in the full system is given by the magnitude of the slope of the induced map at the fixed point. For the parameter values in Figure 7 , there is a stable 1 2 MMO, whose intersections with Σ are indicated by red crosses. The 1 2 MMO corresponds to a period-3 orbit under Φ, and its intersections follow the pattern
More complicated MMOs will have multiple returns on Γ a . Figure 8 . One full period of the time series contains three large excursions, indicating that the orbit is period-3 in the induced map. Throughout the rest of the paper, all 1 0 , 1 1 , and 1 2 branches of induced maps will be shown in blue, red, and green, respectively.
Dynamics near the boundary layer.
Our discussion of the return map Φ to this point has viewed Γ r as the common boundary of regions Σ 1 on which Φ is nearly singular and Σ 2 on which Φ is regular. In order to fully describe the dynamics of Φ, we must investigate the dynamics of the boundary layer near Γ r in more detail.
Let a 1 denote the line a 1 = {(a, c) ∈ Σ | a = a 1 } for a 1 ≥ a eq , and consider the inverse image Φ −1 ( a 1 ). Figure 9 shows Φ −1 ( a 1 ) for sixteen equally spaced lines a 1 for a 1 ∈ [0.509, 0.512]. The return map Φ is a diffeomorphism, so the domain of Φ in the plane Σ is foliated by the family of inverse images Φ −1 ( a 1 ). Focus on the a 1 = 0.512 leaf of the foliation, drawn in green with a heavier linewidth. In Σ 1 , the c-coordinate of the curve varies little and increases as the leaf nears Γ r . The leaf turns and follows Γ r with decreasing c for some distance and has a second turning point where it increases back through Σ 2 . Figure 9 (b) labels four inverse images in Σ 1 . The maximum c-coordinate of each inverse image is marked by a cross. The maximum represents the minimum a-coordinate return for a line of constant c passing through the maximum. The distance between the maximum of the inverse image and Γ r increases dramatically for leaves whose maxima occur below Γ a . Figure 9 (c) shows an expanded view of three inverse images near the intersection Γ a ∩ Γ r , which are shown in blue and red. On either side of Γ r , there is a unique inverse image which is tangent to Γ a . Each tangency corresponds to a turning point in the a-coordinate of the line of first returns of Γ a . The left tangency corresponds to a local maximum of the a-coordinate, and the right tangency is a local minimum of the returns. For initial conditions on Γ a between the tangency points, the return values of a decrease rapidly due to canards along trajectories with initial conditions close to Γ r . Figure 9 (d) shows that the inverse images are almost parallel to Γ r in a neighborhood of Γ r where the canard trajectories are found.
Suppose that the forward invariant set of Φ lies on A 0 , A 1 , and their images. Then any point on Γ a returns to Γ a in one or two iterates of Φ. Figure 10 shows a cartoon for the first two images of Γ a . Figure 10 (a) shows a segment of Γ a and the two turning points of Φ| Γa , labeled with blue and green crosses. The endpoints of the segment of Γ a drawn in the figure are labeled 1 and 2, and the turning points are labeled 3 and 4. The image of Γ a is shown in Figure 10 (b). The segment 13 lies on A 1 and returns with increased a-coordinate, and the segment 42 returns with decreased a-coordinate. Since 42 ∈ Σ 1 , Φ(42) lies exponentially close to Γ a . The orientation of these segments is preserved: the a-coordinates of the images are increasing as the a-coordinate of the preimages increases. This is not true for the segment 34, where the orientation of this segment is reversed. Figure 10 close to Γ a just like 42 in Figure 10 (a). The one-dimensional approximation of Φ 2 (Γ a ) has two turning points in Σ 2 -at points 3 and 6. The two turning points can be seen in Figure 8 (a). The red 1 1 branch in Figure 8 (a) consists of the second returns of A 1 , which has two turning points. Figure 11 (a) shows a rectangle R that is mapped into itself by Φ for ( , μ) = (0.01, 0.297). R is shaded gray and is bounded by segments of the lines a = 0.508, a = 0.512, c = 1.03, and c = 0.928. The corners of R are enumerated 1-4 and marked with crosses. Φ(R) is shaded dark gray, and the images of the corners of R are indicated by dots and are enumerated 1-4. Γ r partitions R into R i = R ∩ Σ i . Φ(23) has two folds in the a-coordinate, while Φ(14) has only one. This is due to the increasing distance between Γ r and the maximum a-coordinate of the inverse images of Φ by lines of constant a in Σ 1 whose maxima occur below Γ a . Since Φ(Σ 1 ) is nearly rank deficient, the image Φ(R 1 ) is exponentially contracted to Γ a . Figure  11 (b) shows a cartoon of Φ(R) that makes the turning points more visible.
Computation of the induced maps.
Computation of the induced maps by forward integration is difficult for trajectories that pass through the boundary layer near Γ r . These trajectories possess canards, segments that follow the repelling slow manifold. The separation of trajectories along this manifold is sufficiently rapid that extraordinarily fine resolution of meshes of initial conditions are required to find the trajectories with long canard segments. Instead of pursuing this strategy, we use the boundary value solver AUTO [13] to compute trajectories in these regions. Our computations of the induced maps proceed in three steps:
1. approximate Γ a by a polynomial, 2. integrate one trajectory from each Γ-sector of rotation that satisfies the boundary conditions in (4.1), and 3. compute all branches that intersect the forward invariant set by continuing these trajectories along Γ a . Our approximation of Γ a is based on the observation that trajectories with initial points that make large loops return to Σ along the attracting slow manifold. We choose 200 points equally spaced along the line = {(a, b, c) ∈ R 3 | a = b = 0.1} as initial conditions with ccoordinates selected so that their returns extend across the segment of Γ a that is the domain for the induced map Π. Trajectories are computed to their intersection with Σ using the Radau5 integration algorithm [29] , which is a fifth order variable-time step implicit solver with eighth order dense output for stiff systems. Relative and absolute error tolerances were set to 10 −12 and 10 −13 , respectively. We fit the return points to the graph of the fourth order polynomial c = p μ (a) that minimizes the least squares residual.
Each branch of the induced map is calculated individually by continuation of a single trajectory from each Γ-sector of rotation in the forward invariant set. The program AUTO employs a pseudo arc-length continuation to solve the boundary value problem for a trajectory x(t) of (1.1) with time rescaled by a factor determined by AUTO subject to four boundary conditions:
where I ⊂ R is an appropriately chosen interval. These calculations successfully compute trajectories with canard segments that lie along the repelling slow manifold. The terminal points of the continued family of orbits are analyzed to find returns that lie exponentially close to Γ a . We project the returns of the induced map onto Γ a parallel to the c-axis to obtain the value of Π. The residual of Π − Φ k+1 on A k is the difference of their c-coordinates since Π was defined to have the same a coordinate as Φ k+1 . All AUTO continuations in this paper utilize 500 mesh points with four collocation points per mesh. Figure 12 shows the induced maps for μ = 0.2972 and μ = 0.2993. Throughout the paper, the returns of 1 0 , 1 1 , and 1 2 branches are plotted in blue, red, and green, respectively. Consider the induced map at μ = 0.2993. The map consists of two branches: a unimodal 1 0 branch (blue) and a bimodal 1 1 branch (red). The insets show that all critical points are smooth. The branches are terminated at their intersection in order to obtain a continuous induced map. This has the practical effect of distinguishing small loops from large loops by comparing the diameter of loops to the diameter of the periodic orbit born from the Hopf bifurcation. The termination point (q, p μ (q)) ∈ Σ corresponds to a periodic orbit intersecting Γ a because Φ 2 (q, p μ (q)) = Φ(q, p μ (q)). A continuation of the family of periodic orbits born from the Hopf bifurcation locates the intersection of the periodic orbit with Σ at the point (a, c) ≈ (0.509864, 0.951337). The a-coordinate of the periodic orbit is marked on the induced map in Figure 12 (a) with a black cross. This point lies exponentially close to the intersection of the two branches, confirming that the intersection of the two branches corresponds to the location of a small periodic orbit. Now consider the return map at μ = 0.2972 shown in Figure 12 (b). The 1 2 branch in green and 1 1 branch in red are continued until their intersection near a n ≈ 0.50955. The intersection of these curves implies that the 1 2 trajectories from the left approach the same return as the 1 1 trajectories from the right. The intersection of the two branches maps exponentially close to the a-coordinate of the small periodic orbit. AUTO calculates the location of the small periodic orbit on Σ at (a, c) ≈ (0.510142, 0.974840). The line a n+1 = 0.510142 is plotted as a dotted black line. The inset shows that the line gives the a-coordinate of the fixed point on the red 1 1 branch of returns.
Periodic MMOs in flows and induced maps.
We fix = 0.01 for the remainder of the paper. Figure 13 shows the bifurcation diagram of Φ for an interval of the parameter μ where MMOs occur. For 1000 equally spaced values of μ ∈ [0.293, 0.3005], the limit set of representative trajectories is projected onto the a-axis. Eight bands of stable periodic MMOs are visible, and their signatures are labeled on the diagram. We define a band of stable MMOs to be an interval of the parameter μ where the global attractor of the full system is a stable periodic MMO. A transition between MMOs is an interval of the parameter μ between two stable bands of MMOs.
We present details about the errors associated with the computation of the induced maps and the accuracy of the bifurcations predicted by the induced maps. This section employs kneading theory [38] that the one-dimensional theory applied to the geometric reduction allows for a comprehensive understanding of the sequence of bifurcations that occur between stable MMOs, we present a detailed analysis of bifurcations that occur in the 2 1 1 1 → 2 1 MMO transition.
Symbolic dynamics of induced maps.
Kneading theory uses symbolic dynamics to characterize invariant sets of piecewise monotone, one-dimensional maps of an interval to itself. We apply it here to study the induced map Π of the autocatalator. The domain of Π is partitioned into subintervals so that Π is monotone on each subinterval and given by a particular iterate of the return map Φ. We always use the minimal partition with these properties. The partition points are called critical points. We associate symbols with each subinterval and each critical point of the partition. Symbolic dynamics records the sequence of symbols associated with each trajectory. The kneading data consist of the symbolic sequences assigned to the critical values [18, 38, 11] . One of the main theorems of kneading theory is that the kneading data essentially determine the full set of symbol sequences that are associated with other trajectories of the one-dimensional map. The theory also establishes conditions for the kneading data to be self consistent, so that it arises from a one-dimensional map. It gives further information about bifurcations that are associated with changes of kneading data in families of maps.
For one-parameter families of continuous, unimodal maps g with a single critical point and endpoints a, b that satisfy g(a) = a = g(b), the kneading data are a single sequence, and the families display universal sequences of bifurcations. For maps with k critical points, universal families depending upon k parameters can be defined [18] . An arbitrary family can be mapped into these universal families so that its bifurcations are mapped to the bifurcations of the universal family. If the maps have negative Schwarzian derivative [11] , more is true. In that case, there is a critical point that approaches each attractor. Consequently, the possible attractors can be determined immediately from the kneading data. For each stable periodic orbit, there is a critical point whose itinerary follows the itinerary (symbol sequence) of that periodic orbit. Even if a map does not have negative Schwarzian derivative, these relations between attractors and critical points are likely to hold. We use them as a guide to our numerical analysis of the induced maps. From kneading data we can determine the possible bifurcation sequences that arise in a one-parameter family connecting two maps. We use this observation to make predictions about the bifurcations of the autocatalator model. Starting with the induced map Π for different parameter values, we use kneading theory to infer the existence of intermediate bifurcations and parameter regimes with MMOs having specific signatures. At each parameter value, the kneading data determine the itineraries of periodic orbits for that map. If a periodic itinerary occurs at the second parameter value but not the first, then we conclude that there must be a bifurcation that created the periodic orbit at an intermediate value of the parameter. We confirm predictions based upon this analysis of the symbolic dynamics of the induced map with numerical solution of initial and boundary value problems for the autocatalator system.
Itineraries of periodic MMOs.
In this work, we consider only induced maps that have either one or two branches. Each branch can be partitioned into piecewise monotone subintervals, called laps. In the parameter regime that we consider, the induced maps have either five laps or seven laps. Table 1 lists the itineraries and absorbing sets for the eight bands of stable MMOs seen in this interval. The maps whose forward invariant sets lie on A 2 ∪ A 1 have seven laps, and those whose forward invariant sets lie on A 1 ∪ A 0 have five laps. Typical return maps from the five-and seven lap families are shown in Figure 14 . Each critical point of the map is denoted by a bold letter L or R, indicating the branch on which the critical point lies, with a bar or hat to distinguish different critical points on the same branch. In both families of maps, C is given by the intersection of the two branches. The laps are denoted by L i and R i with subscripts increasing with a. The endpoints of the forward invariant interval are denoted by L end and R end . In both families, the induced maps are smooth at all critical points except C.
Geometric properties of the return map Φ allow us to make general statements about the kneading data of the induced maps. The intersection of the branches is a fixed point or the preimage of a fixed point since we have Π i (a) = Π i−1 (a). Therefore, in the seven lap map, we have Π(C) = Π(R end ) = R end , and in the five lap map, Π(C) = C. The minimum of each branch is given by the tangency to Γ a by the foliation of Φ by inverse images of lines of constant a. Therefore, the minimum returns for each branch are equal: Π(L) = Π( R) in the seven lap map and Π(L) = Π(R) in the five lap map. These properties constrain the kneading data of the maps. For a map with five laps, let Σ be any sequence of symbols from the five letter alphabet 
The itinerary of any point is admissible. A basic theorem in kneading theory is a partial converse: if a sequence Σ is admissible with strict inequalities in this definition, then there exists a point whose future corresponds to the symbolic sequence Σ. Since the kneading sequence of the critical point C is fixed, only the kneading sequences of L and R vary with μ. The admissibility of any sequence Σ depends only on the itineraries of the critical values of L and R. Conditions similar to (5.1) may be written down for the seven lap family. Figure 15 shows the induced map, the globally attracting limit set, and the time series of each MMO listed in Table 1 . The periodic orbits of the induced maps correspond to limit cycles in the full system. The sectors of rotation allow us to read off the signature of the limit cycle. In the five lap family, an iterate on the R branch corresponds to a single large amplitude oscillation, and any iterate on the L branch corresponds to a small amplitude oscillation followed by a large amplitude oscillation. For example, the signature of the MMO for μ = 0.3001 shown in Figure 15 is 3 1 .
The kneading data of a one-dimensional system give additional information about the dynamics. In particular, the critical values often lie at the boundaries of chaotic attractors. We can see this phenomenon in the bifurcation diagrams of the full system. Figure 16 Table 1 . 
Numerical accuracy of the induced maps.
In section 4.4, we enumerated the steps in computing induced maps. Each step in the computation makes approximations; we investigate the errors of these approximations. Subsequent subsections examine the accuracy of the periodic MMOs and their bifurcations predicted by the maps. Figure 17 shows the residual errors Δc = |c ret −p μ (a ret )| associated with the computation of the induced map Π for μ = 0.2993; see Figure 17 returns of 200 equally spaced numerically integrated initial conditions on Γ a are shown in blue and red, respectively. These returns lie on both γ 1 (Γ a ) and Γ a . Figure 17(c) shows the residual Δc for G a , and the first and second returns of Γ a to Σ, on a semilog plot. The dashed black line indicates a difference of 10 −9 , shown for reference. In the first and second sectors of rotation, the difference Δc for the first and second returns (resp.) is roughly O(10 −9 ). The residuals vary up to 10 −2 for returns not contracted to Γ a . The residuals of the G a are roughly O(10 −8 ). Figure 17(d) shows the residuals Δc of the returns of the two branches of the induced map computed using continuation. Again, the residuals of the branches in the sectors of rotation are roughly O(10 −9 ). There is a small interval near Γ a ∩ δRS 1 where both the first and second returns return close to Γ a . This interval contains the intersection of the branches, given by the a-coordinate of the intersection of the limit cycle born from the Hopf bifurcation with Σ. This illustrates that termination of the branches at their intersection is consistent with the requirements of the induced map.
Because the returns of our chosen Γ a are projected onto itself, the induced maps only approximate the dynamics of the full system. We can test the accuracy of our maps by analyzing the kneading data for small perturbations of the μ parameter for values of μ whose periodic orbits contain critical points, also called superstable orbits. Let a 0 be the first point on a period-k periodic orbit. Then the address of the period-k orbit is given by a = a 0 a 1 . . . a k−1 . The orbit a is stable if the following condition is satisfied: When (5.2) is satisfied, a linear stability analysis shows that nearby orbits converge to the periodic orbit [30] . When the product in (5.2) vanishes, convergence is quadratic and the orbit is called superstable. The superstable orbits of the induced maps correspond to limit cycles in the full system with pure imaginary multipliers. We test the accuracy of the induced maps, examining their fluctuations near superstable orbits, where the kneading data of a map change.
Near μ = 0.29988, there is a superstable period-2 orbit Π 2 (L) = L. Figure 18 This indicates that the map Π 2 is computed with an accuracy on the order of 10 −7 in this regime. The parameter value at which there is a superstable periodic orbit can reasonably be located in the interval between the first instance of Π 2 (L) ∈ L 2 and the last instance of Π 2 (L) ∈ L 1 . These occur at μ = 0.2998801 and μ = 0.2998805, respectively. Therefore, the induced maps locate the bifurcation in the interval μ ∈ (0.29988, 0.2998806), which has length O(10 −7 ). In addition to Π 2 (L) = L, we are able to locate other small period superstable orbits with an accuracy of O(10 −7 ) in parameter space. Thus, we expect to locate generic changes of kneading data to six consistent decimal places.
Bifurcations of MMOs in the full system can be estimated by iterating the induced maps. Figure 16 shows a PD bifurcation of a 2 1 MMO near μ = 0.29996 in the 2 1 → 3 1 transition. Since a 2 1 MMO is a period-2 orbit in the induced map, we iterate the induced map to find fixed points of Π 2 . We locate a pair of fixed points with derivatives (Π 2 ) close to −1 at μ = 0.299957. Table 2 gives the slopes of Π 2 at the fixed points for two values of μ. Using Table 2 The slope of fixed points of the map Π 
Maps parametrized by c.
When defining the induced map, we chose to use a parametrization of Γ a by the a-coordinate. Since Γ a is monotone in both a and c in a neighborhood of the forward invariant set, we could also define an induced map parametrized by the c-coordinate. We compare approximate induced maps for Γ a parametrized by the a-coordinate with ones for Γ a using the c-coordinate as in Milik et al. [37] . We denote these induced maps as " a-maps" and " c-maps."
When computing the c-maps, we follow the same procedure as described above: we compute a polynomial approximation to Γ a , this time parametrized by c, and use AUTO to continue trajectories emanating from each branch of the induced map (i.e., one trajectory for each sector of rotation). Figures 19 and 20 were each calculated separately, parametrized by the labeled coordinate.
We consider the two maps at the sets of parameters ( , μ) = (0.01, 0.299277) and ( , μ) = (0.01, 0.29765). The maps at these values have different numbers of laps: seven laps at μ = 0.29765 and five laps at μ = 0.299277. There is a stable 1 2 (1 1 ) 2 at μ = 0.29765, and near μ = 0.299277, there is a 2 1 1 1 superstable orbit where the critical point R is period-3. Figure 19 shows the induced a-map and c-map for μ = 0.29765. The maps admit a stable period-3 orbit and have obvious similarities in appearance. We check the symbolic itineraries of the critical points. The sequences are identical:
We find that the same properties hold for the a-maps and c-maps at μ = 0.299277. The itineraries of the critical points are identical. The maps appear to be related by an almost affine transformation. The insets of Figure 20 show the intersection of the branches. The details of the maps in the boundary layer agree with one another: the relative position of the fixed point and the images of the periodic orbit are the same for both maps. Therefore, when > 0, we find that the dynamics are described equally well by maps parametrized by a or c. For the remainder of the paper, we consider only the induced a-maps.
Small period periodic orbits.
Theorems of kneading theory state that the types of attractors of one-dimensional maps are largely determined by their kneading data. Globally attracting periodic MMOs are found in the five lap family when both L and R are attracted to the same periodic orbit. When this happens, one of the turning points has a critical value with the same symbolic sequence as the attracting orbit. Therefore, we search for stable MMOs by monitoring the trajectories of the two turning points of the induced maps of the five lap family. We predict that bistability might occur in this family but that regions of tristability would be undetectable.
Continuation of critical points and their iterates locates superstable orbits and stable bands of MMOs. Let P ∈ {R, L} be a critical point. A superstable orbit is created whenever Π i (P) = P for i ≥ 1. We show that period-2 and period-3 superstable orbits without canard segments generate wide bands of stable MMOs. Superstable periodic orbits containing canard segments generate a thin stable band and generally lose stability quickly. 
Table 3
Locations and signatures of small period superstable orbits in the five lap family. Each pair of superstable orbits in the wide bands has the same signature and can be continued into one another. For example, the stable period-2 orbit R 2 L 1 at μ = 0.2996 may be continued into the superstable LR 2 by increasing μ or into the RL 1 by decreasing μ. Table 3 gives the approximate location and the signature of the eight superstable orbits labeled in Figure 21 (a). Figure 22 shows the induced map and the time series for each of the superstable orbits. Table 3 . Two of the period-3 orbits do not lie in wide bands of stable MMOs: the 2 1 1 1 orbit near μ = 0.299277 is located in the 2 1 1 1 → 2 1 transition, and the 3 1 orbit near μ = 0.299972 lies in the 2 1 → 3 1 transition. Red crosses in Figures 23 and 16 (respectively) give the locations of the superstable orbits in their induced maps. Both of these orbits generate a thin band of stable MMOs. Figure 23 shows that the superstable orbit loses stability quickly, leading to a chaotic attractor as μ increases. Figure 16 shows a thin band of 3 1 MMOs near μ = 0.299972. The 3 1 MMO appears to undergo a PD cascade and loses stability. Numerical integration near this orbit finds that the 3 1 MMO is stable in the interval μ ∈ (0.2999719, 0.2999729). Figure 22 shows the induced maps and the time series for the superstable orbits at μ = 0.299277 and μ = 0.299972. The time series for both superstable orbits have canard segments. Note that Π 2 (R) ≈ C for μ = 0.299277 and Π 2 (L) ≈ C for μ = 0.299972. One of the hallmarks of the induced maps in the regions between stable MMOs is that the trajectory of at least one critical point passes through the canard region near C.
In a family of one-dimensional maps, all periodic orbits are created through SN or PD bifurcations. We use kneading theory to investigate small period orbits in the 2 1 1 1 → 2 1 transition over the parameter interval μ ∈ (0.29926, 0.2993). A kneading theory calculation establishes that all periodic itineraries of period less than ten for μ = 0.2993 are also present at μ = 0.29926. This prompts us to conjecture that new periodic orbits in this transition are all created as μ decreases.
The bifurcations of small period periodic orbits shape the gross features of the bifurcation diagram. Table 4 lists the four period-3 orbits that do not contain the symbol L 3 and are admissible at μ = 0.29926 but not at μ = 0.2993. We ignore those sequences with the symbol L 3 because they are difficult to numerically detect in the full system. Table 4 shows that the order in which the period-3 orbits are destroyed is consistent with the ordering of the symbolic itineraries. This is directly related to the monotonicity of the kneading data over the interval of the μ parameter in which the bifurcations take place. 2 1 1 1 → 2 1 transition. Figure 23 labels four bifurcations in the 2 1 1 1 → 2 1 transition: two SN bifurcations and two PD bifurcations. These four bifurcations are related to bifurcations of small period orbits. We describe features of the dynamics related to these bifurcations, namely bistability, an SN bifurcation to chaos, and the PD cascade to a stable 2 1 MMO. We also investigate a thin periodic window labeled PW in Figure 23 .
Bifurcations in the
The first feature of the transition we investigate is an interval of bistability contained in the interval μ ∈ (0.299273, 0.299278). This interval contains two stable MMOs: a period-3 2 1 1 1 MMO that exists at the beginning of the transition and a period-4 2 1 (1 1 ) 2 MMO born at an SN bifurcation (SN 1, Figure 23) . A view of this region is expanded and plotted in the inset of Figure 23 . Once created, 2 1 (1 1 ) 2 MMO immediately undergoes a PD cascade (PD 1, Figure 23 ).
The kneading data predict the bistability and show that the 2 1 (1 1 ) 2 MMO band contains a superstable orbit with the itinerary R 2 L 1 L 2 L for some μ ∈ (0.299273, 0.299274). The kneading data of the critical point L for the endpoints of this interval are given by 
. Both of these period-4 orbits are admissible at μ = 0.299274, while neither is admissible at μ = 0.299273. The kneading data predict that the period-4 orbit arises from the SN bifurcation SN 1 for some μ ∈ (0.299273, 0.299274). The bifurcation SN 1 can be located by checking the number and the stability of the fixed points of the iterated map Π 4 . Figure 25 shows Π 4 for three values of μ. Figure 25 (a) and (b) show that four new fixed points of Π 4 are created in an SN bifurcation that occurs for some μ ∈ (0.299273, 0.299274). Figure 25(b) shows the tangent line to a fixed point near a n = 0.5098 at μ = 0.299274. Figure 25(a) shows that no fixed points exist in this region of the map for μ = 0.299273. An AUTO continuation of the 2 1 (1 1 ) 2 orbit at μ = 0.299274 locates SN 1 at μ = 0.2992735. Although estimation of the location of SN 1 using the induced maps is difficult, the bifurcations predicted by iterating the induced maps are consistent with those found in the full system.
The kneading data and the iterated maps show that there is PD bifurcation in the interval μ ∈ (0.299274, 0.299275). At μ = 0.299274, the critical point L is attracted to the Figure 24(b) ). This indicates that the period-4 orbit which attracts Table 5 . The induced maps predict an SN bifurcation for some μ ∈ (0.299273, 0.299274) and a PD bifurcation for some μ ∈ (0.299274, 0.299275). A second feature of the 2 1 1 1 → 2 1 transition that we investigate is the sudden expansion of the periodic attractor to chaotic behavior near μ = 0.299278. The expansion of the attractor is the result of a pair of period-3 orbits annihilating each other in an SN bifurcation. The first eleven symbols of the kneading data for μ = 0.299278 and μ = 0.299279 are given by the following:
The periodic orbit L 1 L 2 R 1 satisfies the admissibility conditions (5.1) at μ = 0.299278 but not at μ = 0.299279. This suggests that the period-3 orbit is annihilated in an SN bifurcation for some μ ∈ (0.299278, 0.299279). Using numerical integration, we find that the 2 1 1 1 MMO is stable up to μ = 0.2992786. We also find intermittency and chaos in numerically integrated time series for μ ∈ (0.2992787, 0.299279). 
The eighth iterate of the critical point L is mapped into itself Π 8 (L) = L for some μ ∈ (0.299283, 0.299284). Figure 27(a) shows the induced map at μ = 0.2992839 and the series, which is shown in Figure 27 (b). There are canard segments in both 1 1 segments and 1 0 segments of the orbit, which are indicated by red crosses. There is evidence that this window is destroyed by a PD cascade. Figure 27(c) shows the induced map for μ = 0.299284 and the limit set which attracts both critical points. The limit set is a period-16 orbit, which is period-doubled from the stable period-8 orbit at μ = 0.2992839.
The last feature we investigate is a PD cascade to a stable 2 1 MMO. Figure 28 shows the induced maps and their globally attracting periodic limit set for both μ = 0.299292 and μ = 0.299293. At μ = 0.299292, the globally stable MMO is the period-8 orbit
This orbit undergoes two PD bifurcations to a period-2 orbit L 1 R 1 in the interval (0.299292, 0.2993). At μ = 0.299293, the global attractor is a period-4 orbit L 1 R 1 L 1 R 2 . Table 6 gives the slopes of a pair of fixed points of the iterated map Π 4 for the two values of μ. Using a linear interpolation of the slopes, the induced maps predict a PD bifurcation at μ = 0.2992929. An AUTO continuation of the 2 1 2 1 orbit at μ = 0.299295 finds the PD bifurcation at μ = 0.2992928. The error in the predicted value is order O(10 −7 ).
The period-4 orbit L 1 R 1 L 1 R 2 is stable for μ ∈ (0.299293, 0.299298). The global attractor for the interval μ ∈ (0.299293, 0.299295) is the period-4 orbit L 1 R 1 L 1 R 2 . However, for some μ ∈ (0.299295, 0.299296), the period-4 orbit passes through R to become the superstable orbit L 1 R 1 L 1 R. The itinerary of the orbit becomes the sequence L 1 R 1 L 1 R 1 after the kneading transition. We list the kneading data for the critical point R:
This change in the kneading data allows the period-2 orbit L 1 R 1 . However, the period-2 orbit with this signature is unstable. The global attractor at μ = 0.299296 is the period-4 orbit with signature L 1 R 1 L 1 R 1 . Although there is no change in the kneading data for μ ∈ (0.299296, 0.2993), there is a PD bifurcation where the period-4 orbit period halves into the period-2 orbit L 1 R 1 . Therefore, we must iterate the induced maps to determine the locations of the bifurcations. Figure 29(a) and (b) show the stable period-4 orbits for the two values of μ. Figure 29(c) shows the stable period-2 orbit at μ = 0.299299. Table 7 lists the slopes of the iterated map Π 2 at a pair of fixed points for two values of μ. Using a linear interpolation of the slopes, the induced maps predict the PD bifurcation PD 2 at μ = 0.2992979. An AUTO continuation of the 2 1 MMO at μ = 0.2993 locates PD 2 at μ = 0.2992982. Again, the difference between the predicted value and the actual value of the bifurcation is O(10 −7 ). 6. Discussion. This paper continues the investigation of the autocatalator, a three-dimensional vector field that models mixed mode oscillations (MMOs) in chemical reactions. Milik and coworkers [37, 36] proposed the use of singular perturbation theory and reduction to onedimensional maps for the investigation of this model. We have carried out this process in much greater detail and computed one-dimensional induced maps for this system. We highlight the differences between return maps and induced maps of the system for cross sections that extend from the fold curve of the critical manifold. These cross sections contain some points that return with small amplitude loops that do not undergo the extreme attraction associated with trajectories that return from large amplitude loops along the attracting slow manifold of the system. As a result, the return map displays a "mixed-rank" character: in one region it is nearly singular and rank-1, while in another region it is far from singular. The induced maps are constructed by iterating returns until they pass through the region where the return map is nearly singular. The two regions in the domain of the return map are separated by a thin strip of the cross section whose trajectories flow along the repelling slow manifold and contain canard segments. We used the boundary value solver in the program AUTO to compute the return map in this strip. We found previously unobserved complexity of the return and induced maps in these regions. In particular, the induced maps have more turning points than the minimal number required to create continuous extensions across these regions. Moreover, the images of the canard segments are longer than the gaps between the images of segments without canards. The added complexity of the maps affects aspects of the chaotic behavior one finds in this system, a topic that has not been pursued in this paper.
The construction of the induced maps is a multistep process, each step involving approximations. We investigated the accuracy of these approximations and carefully compared predictions based upon analysis of the induced maps with numerical calculations of periodic orbits and their bifurcations in the full autocatalator model. The kneading theory upon which our analysis is based relies heavily upon the piecewise monotone character of one-dimensional maps. We found that the piecewise monotonicity of the induced maps breaks down on a scale comparable to 10 −7 despite computations of trajectories that are several orders of magnitude more accurate than that. The principal limitation associated with this accuracy is that only periodic MMOs of small periods can be readily computed. It is quite possible that improved methods for locating the slow manifolds of the system and computing the returns for trajectories on these manifolds would produce higher numerical accuracy. Nonetheless, these improvements would likely enable only a modest extension of those periodic MMOs that could be computed with confidence.
The constraints of kneading theory allow us to identify families of periodic MMOs. Numerically, we located small intervals of parameter values containing bifurcations of specific periodic orbits with accuracy commensurate with the accuracy of the computation of the induced maps themselves. These computations were compared with continuation calculations using AUTO that located the corresponding bifurcations of periodic orbits in the autocatalator flow. The agreement between these two sets of bifurcation calculations was excellent, again comparable to the accuracy of computing the induced map itself. Thus, we conclude that the reduction of this slow-fast vector field to a one-dimensional induced map captures the dynamics of the system quantitatively as well as qualitatively.
The relationship between chaotic behavior in slow-fast systems and one-dimensional reductions has been explored by Guckenheimer, Wechselberger and Young [25] , relying upon the theory of Hénon-like maps [4, 45] . This work gives substantial insight and makes predictions about the dynamical behavior of the autocatalator in the transition regions of parameter space between the regions of stable periodic MMOs. Due to the limited accuracy of our computed induced maps, we have not pursued quantitative comparisons of the chaotic attractors of induced maps and continuous flows of the autocatalator.
